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By expressing the meniscus height and the sine of the angle between the horizontal and a 
tangent to the meniscus curve as simple exponential functions of radiql position, a new CO~CU- 

Iational procedure for determining surface tensions from menisci hos been developed. These 
simple functions, when combined with the Laploce-Young equation, generated three useful 
equations for calculating surface tensions as a function of radial positions. The overall pro- 
cedure by using the three equotions and five smoothing methods was tested on both experi- 
mental and calculated menisci. The results from the procedure for the calculated menisci 
agreed within 1.5% with the original surface tensions used to generate the meniscus. The 
agreement of values generated with the method and the comparison method previously re- 
ported for experimental menisci was within +8K in general and within +2% for the best 
formed menisci. 

Previous work (1, 2) has shown that surface tensions 
can be determined from liquid menisci as formed in cylin- 
drical tubes. In that work, the surface tensions were ob- 
tained by comparing computed menisci with the experi- 
mental meniscus. The correct surface tension was indicated 
when a minimum in the s u m  of squares of the differences 
in meniscus heights was obtained as surface tension and 
the contact angles were varied. This procedure gave excel- 
lent results but required quite lengthy computer compu- 
tations. 

The work reported here was initiated in an attempt to 
produce a more rapid procedure for determining surface 
tensions from menisci. Instead of comparing computed and 
experimental menisci, it was hoped that surface tensions 
could be calculated directly from mathematical properties 
of the meniscus itself. 

From many computed menisci, the following interesting 
mathematical characteristics were empirically observed. 
Both the sine, sine of the angle between the meniscus tan- 
gent and the horizontal, and [', the height of the meniscus 
at radial position [, could be expressed as exponential func- 
tions of [ with the exponent relatively constant in local 
regions of the meniscus. (See Figure 1 for a display of 
the variables used to describe the meniscus,) When the 
exponents did vary, they monotonically increased in size 
as 4' was increased. For menisci formed in capillary tubes 
with the capillary rise heights ten to one hundred times 
larger than the maximum meniscus height, the exponents 
for the sine and f functions were nearly constant with 
values of 1 and 2, respectively. 

The mathematical procedure described below followed 
naturally from these observations by assuming that the 
curve in a local region about a given radial position could 
be expressed by r = CMP and sine = S,tm. The surface 
tension for the local region was then generated by intro- 
ducing these functions into the Laplace-Young equation. 

MATHEMATICAL DEVELOPMENT 

The meniscus height above the datum plane, a surface 
with no curvature formed by a reservoir of the fluid below 
the meniscus, is assumed to be expressed by Equation ( 1). 

5 = 40 -k C M S "  

['M and n are slowly changing functions of 8, but for a 
local region they are assumed to be constant. Thus, when 
derivatives of 5 are taken, 50, n, and c M  are considered to 
be constants. 

Equation (1) is then combined with the Laplace-Young 
equation as modified in the previous publications (1, 2)  
to generate a function for sine. The Laplace-Young equa- 
tion in dimensionless form is given as Equation (2) : 

(1) 

r is the dimensionless surface tension and is equal to 
y / [ r o 2 g ( p 1  -a)]. When Equations (1) and (2) are 
combined and the result is integrated, Equation (3) re- 
sults: 

sine= (+)[+ [ r ( n  " M  + 2) ] t n + l  (3) 

The derivatives of the above equation are also useful 
and are given as Equations (4) and (5) : 

Empirically, sine was observed also to behave exponen- 
tially. Therefore, a second mathematical procedure was 
developed by starting with the assumption that sin8 could 
be approximated by Equation (6) : 

sine = sM t m  (6) 

Again, SM and m are considered to be constant in a local 
region of 8, even though they do slowlv change with 4'. 

By substituting Equation (6) in Equation (2) and by 
performing the differentiation, an expression for 5 is ob- 
tained and is given in Equation (7)  : 

5 = r ( m  + 1 ) P - l  S M  (7) 
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Fig. 1. Pictorial representation of meniscus and i t s  variables. Fig. 2. Effect of m on sin0 curve. 

DEDUCTIONS FROM THE DEVELOPED EQUATIONS curve (2)  would result which is convex and would re- 

The above equations indicate some basic mathenlatical 

1. Sin0 is a linear function of [ when (0 >>> ('M. 
( 3 )  is very small compared with the first. This condition 
is that realized in a capillary rise experiment. 

Many times in such an experiment, sin0 at  the wall is 
in doubt and is assumed to be equal to 1.0 for conveii- 
ience. However, if the meniscus can be photographed 
without distortion and the sin0 as a function of ( calcu- 
lated, then sin0 at 5 = 1 can be determined by drawing 
a best fit straight line through the sin0 data. 

If the function sin0 = S R ~  does approximately apply to 
the meniscus, as is the case in capillaries, the approximat- 
ing curve is a circular arc. This result can be produced by 
integrating Equation (8). S R  is the sin0 at ( = 1 and is 
a constant equal to 5,,/2r as indicated by Equation ( 3 )  : 

cliaracteristics about menisci. 

When this condition is met, the second term in Equ' r l  t ' 1011 

The integrated result is given in Equation (9) : 

To show that this is the equation of a circle, substitute 
x = 1 / s R  - 5' into Equation (9) .  Equation (10) results: 

By substituting a series approximation for the square 
root term in Equation (9) ,  the functional relationship of 
5' and [ can be determined for the circular cross-section 
case. This relationship is shown as Equation (11): 

+ . . .  (11) 5' = - +-+- 
2/3 8 f i 3  16B5 
5'2 t4 t6 

Thus, the function is approximately parabolic for small 
t. 

2. m is always equal to or greater than 1. Equation ( 7 )  
indicates that 5 is equal to zero at [ = 0 unless m = 1. 
With m = 1, then lim 5 = 2rSM = 50, where (0 is the 

capillary rise. 
Comparison of Equations (3) and (6) also indicates 

that m must have a lower bound of 1.0. Figure 2 indicates 
the effects of the two terms in Equation (3). n is always 
positive and, as a result, produces curve (1) which is con- 
cave upward. If m were less than 1, then a curve like 

e o  

quire the second term in Equation (3 )  to be negative. 
To indicate the variation of exponents n and m and 

parameters [ M  and Sw as a function of radial positions, 
four computed menisci are presented in Tables 2 through 
5 in the appendix." The r values for these menisci range 
from 11.2:3 to 0.013. The sine exponents mi + are com- 
puted for these menisci, and the validity of the above 
statements is supported in all cases. m approaches 1.0 at 
5 = 0 and monotonically increases as [ increases. In Fig- 
ures 3 and 4 are presented plots of and n.i from 
Tables 2 and 5." m is a very well behaved function. I t  
starts at 1.0 and increases almost linearly for most of the 
range of 6. If r is large, above 5,  m = 1.0 for the whole 
range of 5. This observation supports the statements under 
1 above. 

3. n = 2.0 at ( = O and > 2.0 as [ increases. SM, C ' N ,  
?ti, and n are related by Equation (12) which was ob- 
tained by substituting Equations (1) and (6) into the 
definition of the sine: 

Equation (12) can be simplified by carrying out the divi- 
sion and then by letting A( go to zero. The result is Equa- 
tion (13) : 

Relationships between n and m and 5'M and S, can be 
obtained from Equation (13) if assumptions are made as 
to how the equation should be divided up. 

a. For ( = 0, Equation (13) simplifies to Equation 
(14) : 

Thus 

and 

The data in Tables 2 through 5* support these simplifi- 
cations with [ = 0. 

b. For 5 >> 0, the separation of Equation (9) iiito 
two parts to indicate the relationships of 5'M and S, and 
n and m cannot be readily made. However, the data in 
Tables 2 through 5" and Figures 1 and 2 indicate the 

('M ( n  tn- l )  = S M  (14) 

n = m + 1 1 2 . 0  (15) 

S M  = n 5 ' ~  (16) 

* The appendix hi15 Iwcn dqxrsited a s  document 01080 with the ASIS 
Sational Auxiliary Publications Service, c/o CCM Information Sciences, 
Inc., 22 W. 34th St., New York 10001 and may he obtained for $2.00 
for  microfiche o r  85.00 for photocopies. 
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TABLE 1. COMPUTATIONAL RESULTS FOR METHODS WITH SHIFTED GRID TO MINIMIZE ERRORS AND WITH ITERATION TO ADJUST 50 

r(5') No adjustment 
r(5') 50 iterated 
r(s)  No adjustment 
r (s)  Grid shifted 
r(s) Grid shifted and 

iterated 
r( AS11 No adjustment 
r( AS1 ) Grid shifted 
I'( A S l )  Grid shifted and 

50 iterated 

r ( t) not shifted. 
r ( S ) 
r( AS1) n and [M' indexes reduced 1.1 units ( N  = 25) .  

n and [M' indexes reduced 2% units ( N  = 25).  

Meniscus Table 2 Meniscus Table 3 Meniscus Table 4 Meniscus Table 5 
r = 11.236 r = 1.0215 r = 0.1021 r = 0.01328 
y = 1100.0 y = 1000.0 y = 1000.0 y = 130.0 

Y % Error 7 % Error Y % Error Y % Error 

1100.1 
1100.0 
1099.7 
1099.9 
1099.9 

1100.4 
1100.1 
1100.1 

+0.009 
0.000 

-0.027 
-0.009 
-0.009 

+ 0.036 + 0.009 + 0.009 

1000.0 
1000.0 
996.7 
999.0 
998.9 

1002.5 
1000.8 
1000.8 

following relationships: n is greater than 2.0 and is mono- 
tonically increasing, and n s= m. 

c. If n = m, then 

S M  = <'Mm/({ql + 5rn"-' ('M2 m2) (17) 
Equation (17) applies for the region of fifteen through 

twenty-one increments in Figure 2. 

USE OF THE EQUATIONS TO DETERMINE 
SURFACE TENSIONS FROM MENISCI 

Equations (3) ,  (4), ( 5 ) ,  and (7)  can be utilized to 
produce estimates of r for a given meniscus. Equations 
(18), (19), (20), and (21) are the finite difference rep- 
resentations of these equations. For the derivatives, first- 
order divided differences were used: 

ri+i/z({') = (40 + t'i+1/2)/[ (mi+i /z  + 1) 
(ni+112-1) 

sMM(i+1/2)&+1/2 1 (21) 
The gridwork used with the above equations is shown 

in Figure 5. The radius of the tube was divided into N in- 
crements ( N  was generally 25) ,  and the height measure- 
ment for <' was made at the center of the increment. The 
positions for sine, n, CM, As1, m, S,, and AS2 are shown 
on the figure. 

Applicotion to Computed Menisci 
The adequacy of the above equations was tested by 

determining surface tension from menisci that were com- 
puted by the numerical techniques outlined in reference 1. 
The relaxation iteration procedure used to calculate a 
m ~ ~ i s c u s  was stopped when one hundred iterations pro- 
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0.000 
0.000 

-0.33 
-0.10 
-0.11 

+0.25 + 0.08 + 0.08 

1000.9 
1000.7 
981.5 
993.6 
993.5 

1009.0 
1003.6 
1003.4 

+ 0.09 
+0.07 
-1.85 

-0.65 
- 0.64 

+O.W + 0.36 
+0.34 

130.07 
130.15 
122.65 
126.89 
126.95 

131.99 
129.55 
129.61 

+ 0.05 
$0.12 
-5.66 
- 2.39 
- 2.35 

+ 1.53 
- 0.35 
-0.30 

duced a change in the meniscus heights 1' which was not 
greater than 5 x The computation results for four 
menisci are shown in Tables 2 through 5". 

The results indicated that only one method was ac- 
curate over the whole range of r. That method was r (5') 
from Equation (21).  The average surface tensions agreed 
within +0.006, +0.004, +0.09, and +0.06% of the in- 
put surface tensions, with r varying from 11.2 to 0.013 
for the four menisci. As indicated by the tables which give 
surface tension as a function of radial position, no large 
variation of surface tension was found across the meniscus. 
The results from this method were s&ciently accurate to 
indicate when a meniscus had not been allowed to con- 
verge sufficiently in the numerical relaxation technique 
used to generate the. meniscus. 

The next best method was r(aS1) from Equation (19).  
The agreement of the average computed surface tensions 
with the input values was +0.037, +0.25, +0.09, and 
+l .6% for the four menisci. 

The other two methods, r ( S )  and r(ASZ), were defi- 
nitely inferior to the others. r (S )  average values exhibited 
errors of -0.031, -0.33, -0.33, -1.85, and -5.65% 
for the four menisci. The errors found for r(AS2) method 
were +3.0, -0.67, -0.70, and -1.21%. The second dif- 
ference in sines, A%, is usually a small number and in 
many cases approaches the statistical errors in the com- 
puted menisci heights for large values of r. For experi- 
mental menisci, where the statistical errors due to measure- 
ment are relatively large, the r(AS2) method is very in- 
adequate. 

By empirically adjusting the indexes in Equations ( 18), 
(19),  and (20),  much of the error indicated above was 
removed. In all cases, the indexes for 5 / ~  and n were 
shifted to smaller or larger numbers, while the indexes of 
sine, AS1, and A s 2  were held to the values indicated by 
the equations. In Table 1 are summarized the results ob- 
tained with these shifts for four calculated menisci. To 
eliminate the errors, the indexes were made 2% units 
smaller for r(S), 1.1 units smaller for r(ASl),  and 0.15 
units larger for r(AS2). In these cases, the number of 
radial increments was 25. With the grid adjustments, all 
of the procedures gave satisfactory results. 

Application to Experimental Menisci 
Estimation of 50. When an actual experimental meniscus 

is analyzed, the must be generated by the surface ten- 
sion computation procedure itself. Only one of the pro- 

a See footnote on p. 788. 
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CALCULATED MENISCUS (TABLE 2) 
r= 11.2360 

i .: 
I I # , I  

0 4 8 12 16 20 24 
RADIAL POSITION - INCREMENT NO. 

Fig. 3. Exponents n and rn as a function of radius for a calculated 
meniscus w i t h  I' = 11.236. 

cedures, r(L.S2), does not require a value of lo.  But iii 
this case, a s  explained above, statistical variatioiis in the 
experimental data prohibit calculation of meaningful sur- 
face tension data. The other three methods require 
\dues.  

The i 0  value can be estimated by utilizing the fact that 
(0 has a greater influence on the surface tension values 
near the center of the meniscus than at the outside. Thus, 
an iteration procedure can be generated which adjusts <(, 

until the average surface tensions for the inside half of 
meniscus equals that for the outside half of the meniscus. 
The adjustment in (0 by this method is indicated in Equa- 
tion ( 2 2 ) .  The iteration 

yavg (outside half) " 
( 2 2 )  

is terminated when the total average surface tensioii ;igrees 
within a set limit with the previous surface tension before 
the iteration. Tlie limit was set at 1 dyne/cm. for 7 greater 
than 500 a i d  0.1 dyne/cm. for smaller values of surface 
tension. In general, less than twenty iterations were re- 
quired for convergence. This techiiiqiie worked sutisfxc- 
torily with both r(5') and I'( aS1) methods, since the 
change of with ( was essentially zero. r ( S )  could not be 
used, since the surface tension decreased with increasiug 4. 

The exponent b was adjusted to speed convergence and 
not produce instabilities. The following values were found 
to be satisfactory: 

( yavg (inside half) 1 < 0 ( k i - 1 )  < 0 ( k )  

r in the 0.01 to 0.1 range: Z, = 1.0. 
r in the 0.1 to 1.0 range: b = 2.0. 
1' in the 1.0 to 10.0 range: b = 3.0. 
The (0"s for the four menisci listed in Tables 2 througli 

5" were determined by the iteration procedure. The sur- 
face tensions determined and resulting errors are listed in 
Table 1. In all cases, the iterations produced effectively 
no change in the surface tensions, and the errors inherent 
to the calculatioiial method were unaltered. 

Smoothing of Menisci. The surface tension calculational 
procedures work best on menisci that are smooth functions 
of 5. Each surface tension value from methods r(i') and 
r ( aS1)  utilizes three r i - l i 2  values, and r ( S )  uses two 
~ r i - l l ~  values. Therefore, to minimize wild fluctuations in 
y as a function of 4, the values of t r i - I l 2  should be 
smoothed to produce functions of sins, n, m, and A s 1 .  At- 
tempts to effect such smoothing operations on the corn- 
puter were made with varying degrees of Success. 

4 See footnote on 11. 788 

r-- 
CALCULATED MENISCUS (TABLE 5 )  

lor--- 9 r= 0.0132789 

, , - 
0 4 8 12 16 20 24 

RADIAL POSITION - INCREMENT NO. 
Fig. 4. Exponents n and rn as a function of radius for a calculated 

meniscus w i t h  Y = 0.0133. 

are listed five smoothing procedures. Tlie simplest pro- 
grams utilized only averaging procedures, while others ap- 
plied some of the mathematicnl characteristics of menisci 
snch as n 2.0 and ?n 1 1.0. The detailed procedures arc 
given in the appendix.' Below are summarized the main 
features of the procedures. 

Smoothing Procetltirc 1 : Averrigitig of n. ni( avg) was 
obtained by averaging the experimental n values at ni- l ,  
t t i ,  and tt. i  1. c; + was then recalculated from thc 
smoothed ni(avg), and an assumed value for C N - I / ~ .  
< ' , ~ - 1 / 2  was adjusted to minimize the sum of squares be- 
tween the experimental and calculated Ci-l/2 values. (The 
minimization was also made with two other summing 
methods as outlined in the a p p e n d i ~ . ~  The adequacy of 
each method was tested by smoothing both calculated and 
experimental menisci.) 

Smoothing Procedure 2 :  Aueraging of n with n 2 2.0. 
t i ;  (avg) was obtained as above, and then any n i  (avg) 
values less than 2.0 were set equal to 2.0. 

(avg) 
was obtained by averaging n ~ i + 1 [ ~ ,  and mi+l 112. 

Sin0 and then ('i-1/2 were recalculated from the smoothed 
i n i +  l / i(avg) values and an assumed sin8+1. SinON-l was 
adjusted to minimize one of the sums indicated in proced- 
ure 1. 

Smoothing PiocPtlure 4 :  Aueraging of na with m 2 1 .O. 
Procedure 3 was followed except m was set equal to 1.0 
if  the averaged value was less than 1.0. 

Smoothing Procedure 5: Averaging of n ontl thcw i n  wit11 
tn 2 1.0. Procedures 1 and 4 were combined. The 
meniscus was smoothed with 1, and the resulting meniscus 
w a s  smoothed with 4. 

The adequacy of the smoothing and computational pro- 
cedures was tested in two manners. First, computed 
menisci were smoothed, and then the surface tensions were 
determined from the meniscus by the calculational pro- 
cedures. The change in surface tension was then compared 
with the change without smoothing. Second, experimental 
menisci from mercury, water, cobalt-cerium, and pluto- 
nium-cobalt-cerium which had been processed by the 
methods outlined in reference 1 and 2 were smoothed and 
then analyzed by the new calculation method proposed in 
this paper. A comparison of the previously determined 
values alld the new values for these menisci gave an in&- 
catioll of the utility of the smoothing and colnPLltation 
techniques. 

Smoothing Procedure 3:  Aueraging of t u .  i n i  
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Results from Smoothing Calculated Menisci 

If [o  is known, the smoothing of the calculated meniscus 
produces little change in the average value of surface ten- 
sion determined from the smoothed meniscus. However, 
the smoothing operations do produce enough distortion in 
the computed menisci to generate errors in the (0  iteration 
procedure. The errors produced for the four computed 
menisci are listed in Table 6 in the appendix.' The errors 
varied as follows: 

% error 
Smoothing methods Smoothing methods 

r 1,2, and 5 3 and 4 

0.013 
0.102 
1.02 

10.2 

-0.1 - 0.2 
-0.5 -0.9 
-2.1 - 1.5 
- 14 -0.5 

Thus, the sine averaging smoothing procedures, 3 and 4, 
gave the best overall results, even at high r values. How- 
ever, below r = 1.0, the results of all smoothing methods 
were comparable. Of the three minimization procedures, 
the sum of meniscus height differences, (SUM)s,  pro- 
duced the best results. 

When actual experimental menisci were run, the utiliza- 
tion of all five smoothing methods with the three com- 
putation techniques was found to give a better estimate 
of the surface tension than any single smoothing method 
with a single computation procedure. The effect of using 
the average of all fifteen combinations on the computed 
menisci is also given in Table 6.' The combined calcu- 
lation method is summarized in the appendix. ' 

This combined calculational method gives a number of 
merit to indicate the degree of distortion on the meniscus 
and the adequacy of the final surface tension obtained. 
This number of merit is defined as follows: (CZt) = the 
overall average 9596 confidence interval of the overall sur- 
face tension average. This value indicates the variation of 
y as a function of 6. 
Results from Use of Procedure on Experimental Menisci 

Twenty-one menisci which were analyzed by the menis- 
cus comparison method and reported in references 1 and 2 
were reprocessed with the composite procedure outlined 
above. All but one of these menisci met the minima cri- 
teria of the comparison procdure and, as a result, were 
relatively undistorted. The results from the new computa- 
tion and the comparison with the old values from the com- 
parison method are presented in Table 7 in the appendix.* 

The agreement between the old and new values was 
very good. A breakdown of the number of menisci with 
percentage difference between the old and new values is 
given below : 

Range of disagreement No. of menisci 

0 to 2% 
2 to 55% 
5 to 8% 
8 to 16% 

5 
9 
4 
3 

The percentages of disagreement between the old and 
new values were averaged to indicate if there existed any 
significant bias between the methods. The average was 
-1.7Oc{, with a 95%, confidence interval of &3.30%. 
Since the confidence interval easily included O % ,  there 
was no significant bias between the new and old calcula- 
tional methods, at least in the r range of 0.06 to 0.6. 

* See footnote on p. 788. 
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Use of Numbers of Merit 

The confidence interval (CIS) avg gave a good indication 
of the accuracy of the average surface tension values and 
the degree of distortion in the meniscus. Certain limits on 
the confidence interval appeared to be correlated with the 
degree of disagreement between the new and old calcula- 
tions. A listing of these limits and the degree of disagree- 
ment are presented belolv: 

No. of menisci in range 
of disagreement between 

old and new values Limit on  CIS)^,.^ 
%I Oto2% 2to5% 5to8% 8to16% 

u to I.0 4 0 0 
7.6 to 11.0 1 2 1 

11.0 to 13.0 0 3 3 1 
13.0 to 20.0 0 1 0 2 
20.0 to 30.0 0 2 1 0 

Bias in Smoothing Methods 

The calculations on the twenty-one menisci also indi- 
cated whether or not the smoothing methods produced n 
bias in the surface tension when actual experimental men- 
isci were used. For each smoothed meniscus, calculations 
with r (c ) ,  r (S.) , and r (As1) were made. The values were 
compared with the overall average produced by all smooth- 
ing and calculational methods. The results indicate that 
methods 1 and 2 are biased high, method 3 is unbiased, 
and methods 4 and 5 biased low. Also, if the meniscus is 
very well formed, all of the smoothing methods fall within 
an acceptable range. These data show that if one smooth- 
ing method should be chosen for this range of r (0.06 to 
O B ) ,  that method should be number 3. 

Bias ot Calculational Methods 

The experimental meniscus calculations were analyzed 
to indicate any bias that might exist in the three calcula- 
tional methods. In this case, the acceptable range of &37/0 
of the overall average was established. The average surface 
tensions from the three calculation methods were then 
compared with this range. This comparison showed that 
the r(5') method was unbiased, while r ( S )  was biased 
slightly low and r(as1) biased high. If the meniscus was 
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well formed, all three calculations gave nearly the same 
result. 

SUMMARY AND CONCLUSIONS 

By expressing the meniscus heights, 5’i-lIz and the 
meniscus sin& values as simple experimental functions of 
6, a new calculational procedure for determining surface 
tensions from menisci has been developed. Three separate 
equations for calculating the surface tensions as a function 
of 5 were generated. Also, to use the equations on actual 
experimental menisci, five meniscus smoothing methods 
were produced. The overall procedure which combined the 
three calculation methods and five smoothing techniques 
was tested on both experimental and calculated menisci. 
The results from the procedure when used on calculated 
menisci agreed within 1.5% with the original surface ten- 
sion used to generate the meniscus for r values below 1.0. 
The agreement from experimental menisci with this 
method and the comparison method previously reported 
(1, 2) was within +8% in general and less than *2% for 
the best formed menisci. 

The data from experimental menisci indicated that one 
meniscus smoothing method and one computational equa- 
tion were superior to the other methods and equations 
tested. The best smoothing technique was method No. 3 
in which the exponents rni+1I2 from the sin0 exponential 
equations were averaged in groups of three. The best com- 
putational equation which showed no bias with either 
computed or experimental menisci was r(c) which was 
generated by substituting sin0 = S M F  into the Laplace- 
Young equation. 

As indicated above, the new calculational procedure 
produced results which were as accurate as those generated 
by meniscus comparison methods. Also, both of these 
methods generated parameters in the calculations or in the 
comparison which indicated whether or not a meniscus 
was possibly distorted. However, the big advantages of the 
new procedure were that the computer time to generate 
a surface tension value was small, and no manual graphing 
and data interpretation were necessary. The total pro- 
cedure involving the five smoothing methods and three 
computing techniques required above 0.3 min. of time/ 
meniscus, while the comparison method required up to 20 
min. if the comparison menisci had to be calculated. When 
only smoothing method No. 3 and equation I’(4’) were 
utilized, the computational time was approximately 0.02 
min. 

In addition to the time advantage in calculating surface 
tensions, this method of expressing local segments of the 
meniscus as exponential functions of radial position has in- 
dicated some interesting and useful characteristics of men- 
isci. For instance, sin0 is approximately a linear function 
of radial position for menisci formed in small capillaries. 
Therefore, the contact angle of the edge of the capillary 
can be determined by a linear extrapolation of sin@ data 
from a photographed meniscus, if a distortion free photo- 
graph can be made. For all menisci, n, the meniscus height 
radial exponent, is greater than or equal to 2.0 and is 
monotonically increasing with radius. The sin0 radial ex- 
ponent m is greater than or equal to 1.0 and is also mono- 
tonically increasing with radius. These properties can be 
used to check the consistency of experimental meniscus 
data. 
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NOTATION 
(ABSUM), = s u m  of absolute values of experimental 

minus smoothed meniscus heights divided by N 
b = exponent for adjusting 40 by Equation (18) 
CZC = 95% confidence interval of the average of surface 

tensions determined as a function of 6 across the 
meniscus 

(CIc)avg = average of the 15 CIS from the five smoothed 
menisci and the three computational methods 

g 
i 
k = iteration number 
m 

n 

N 
r 
ro 
S M  

SR 
(SUM), = sum of experimental meniscus heights minus 

smoothed meniscus heights divided by N 
SD, = standard deviation of experimental minus 

smoothed meniscus heights 
z = height of meniscus above datum plane, cm. 
z’ = height of meniscus above plane tangent to base of 

zo = height of meniscus above datum plane at center 

Greek Letters 

/3 

y = surface tension, dynes/cm. 
r = dimensionless surface tension, r/[ ( P I  - p2)gro2] 
r (S) = dimensionless surface tension calculated from sine, 

Equation (14) 
r (AS1) = dimensionless surface tension calculated from 

first sine difference equation, Equation (15) 
r (As2) = dimensionless surface tension calculated from 

second sine difference equation, Equation (16) 
r (5 ‘ )  = dimensionless surface tension calculated from 

meniscus heights, Equation (17) 
ASli+l/2 = first sine difference, A S l i + l l z  = sinBi+l - sin0i 
AS2i = second sine difference, A%& = ASi+ 112 - ASlr-1/2 
5 = dimensionless height of meniscus above the datum 

[o = dimensionless height of meniscus at center line of 

5’ = dimensionless height of meniscus above horizontal 

[M’ = parameter used in Equation (1)  which expresses 

6 = angle between horizontal and tangent to meniscus 

6 = dimensionless radius, r/rO 
p1 

p2 
x 
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